Suppose C is a compact subset of the plane having a piecewise smooth boundary 8C. Let F(r, 0) be the Fourier transform, in polar coordinates, of the indicator function of the set C, where by the indicator function of C, we mean the function whose value on C is 1, and whose value on the complement of C is 0. In §1 of this paper, we shall describe some relationships between geometric properties of C, and the asymptotic behavior of F(r, 0) as r -*■ oo. In §2, we shall give applications of the results of §1 to some questions in the geometry of numbers.
1. If 8C is sufficiently smooth, and has everywhere positive Gaussian curvature, it is known that the function O(0) = supr r3/2|F(r, 0)| is bounded on S1 (cf. [1] ). If 8C has points of zero curvature, this need no longer be true (cf. [3] ). The following, however, remains true : Theorem 1. If 8C is of class Cn+3, for some integer »àl, and if the Gaussian curvature of8C is nonzero at all points ofdC, with the possible exception of a finite set, at each point of which the tangent line has contact of order g «, then i>(0) is bounded on S1, ifn=l, and ofclass V on S1,for any p<2n/(n -l), ifn> 1.
Moreover, 0(0) is always bounded, except in neighborhoods of those points of S1 which, regarded as vectors, correspond to exterior or interior normals to 8C at points of zero curvature. In a neighborhood of such a point 0O, 0(0) is bounded by a multiple of [dist (0, 0o)]-<nz-1)/2ni, where dist (0, 0O) is the length of the smaller arc of S1 connecting 6 and 0O, andnf is the largest order of contact which can occur between 8C and its tangent line, at those points of 8C at which the exterior normal is either 0O or -0O.
Remark. Theorem 1 has analogues in higher dimensions. I shall show in another paper, by different methods, that if C is a compact convex subset of F", whose boundary is analytic, and if F(r, 0) is the Fourier transform, in polar coordinates, of the indicator function of the set C, then supr r(n + 1)l2\F(r, 0)| is of class L" on Sn~1, for some/»>2.
If C is a polygon, the estimates are of a quite different character.
Theorem 2. Suppose C is a polygon. Then [May In order to prove Theorems 1 and 2, we require two lemmas. Lemma 1. Suppose b>0, and suppose fi(x) is of the form h(x)xk + c on [0, b] , where h(x) is C2 and nonvanishing on [0, b], c is a constant, and k is an integer ^ 2. Suppose, moreover, that b is small enough so that \f'(x)\ Sc^"'1, and \f"(x)\ ^c2xk~2, for some positive constants cx and c2. Denote by S the arc traced out in the (xx, x2)-plane by the point (xx,f(xx)), as xx runs from 0 to b, and suppose g is a function of class C1 in a neighborhood of S. Define
where X=(xx, x2), Y=(yx, y2), and dSx = the arc length element on S. Let A(Y) be the smallest nonnegative angle which the vector IV 0 makes with the x2-axis. Then there exists M>0 such that \H(Y)\SM\Y\-ll2(A(Y))-{k-2)K2k-2\ where I T|=(y2+y|)1/2. Moreover, in terms of g, bounds for M depend only on bounds for g and its first derivatives on S.
Proof. We shall assume that h(x) < 0 on [0, b], since the proof in the remaining case is essentially the same. Now 5" is concave downward with respect to the x^axis, and its curvature is never zero, except at the point (0,/(0)), and then only if k>2. Moreover, the angle a(xx), which the upward normal to S makes with the positive x2-axis, is a decreasing function of Xj on [0, b], with a(b)<ir/2. We shall make the temporary assumption that Flies in the first quadrant, and that A(Y)Sa(b).
For a given Y= | T|(y*, y*), let (px, p2) be the point on S at which the upward normal to S is parallel to (yf,y*). Now the equation for S is x2-f(xx)=0 (x e [0, b}), and taking the gradient of the left side, we find that the vector (-f'(px), 1) is parallel to (yf, y*). I.e., yf/y*= -f'(px), and this clearly implies that \f'(px)\ ^c3A(Y), for some c3>0 which does not depend on Y, and by our hypotheses, this in turn implies that px ^ ct(A( Y))1Kk ~ v, for some c4 > 0 which does not depend on Y. Now
where E(xx) = xxyx* +f(xx)y*, and m(xx) represents the distortion of measure which arises from the projection of S onto the x^axis. For convenience of notation, we shall define G(xx)=g(xx,f(xx)).
The integral on the right side of (1) can be split into two parts
We shall investigate the first integral on the right side of (2). The same technique yields an identical estimate for the second integral. To obtain the desired estimate for the first integral, we need some information about E(xx). To begin with, note that it is clear from the geometrical meaning of E(xx) that E'(px) = 0, and that for 0 è xx £pi, E'(xx) ;ï 0, and E"(xx) £ 0. (Recall that S is concave downwards, and that E(xx) is simply the component of the vector (xx,f(xx)) in the direction of the upward normal to S at (px,p2).) In what follows, we shall assume that xx^px.
where X=px -xx. But it follows from our hypotheses, that |F"(z)| ^c5tk~2, for some c5>0, which does not depend on F, and throughout at least one of the intervals of integration, tk~2 must be at least of the order of p\ '2, so (3) implies that E'(xx) ^ ce(px -xx)px ~ 2, for some c6>0, and hence, E'(xx)'^c1(px -xx)(A(Y))t-k'2)Kk~1\ for some c7>0, where the constants do not depend on Y.
We now return to the estimation of the first integral on the right side of (2). Set
and if we note that (F'ixi))-1 is increasing, and apply the second mean value theorem to the real and imaginary parts of the integral on the right, we immediately find that this integral is G(| Y\-ll2(A(Y)yik-2)K2k-2)), which proves the lemma if F is in the first quadrant, and A(Y)úa(b). If F is in the first quadrant, and 4(F)>a(A), it is a simple matter to show that F'ÍXi) 2: c8(A-Xi), for some c8>0 which does not depend on F, and the proof then proceeds as before. If Fis in the upper half-plane, but not in the first quadrant, it is evident that the function |F'(xi)| is larger than it would be if F were reflected in the x2-axis, so the result follows from the case we have already discussed. Finally, the result for F in the lower half-plane, i.e., for t^O, clearly follows from the result for Fin the upper half-plane. for part (2).) 2 . In this section, we shall apply the results of §1 to some questions in the geometry of numbers. I should like to thank Professor Lars Hörmander for helpful conversations about the material in this section, and to thank Professor Atle Selberg for the initial suggestion which developed into Theorems 3, 4, and 5. Theorem 3. Suppose C is a set of the type described in Theorem 1, and having area A. Suppose, moreover, that the interior of C contains a point p0, with respect to which C is star-like, in the strong sense that no tangent line to 8C intersects p0. where the prime on the summation sign means that the sum is taken over all nonzero integral lattice points. Now we may clearly assume that the distance of 8C from the origin is initially as large as we please, and by taking this distance large enough, it follows from the star-like condition on C, that for small e>0, Ne , where IF is a real vector, it becomes clear that we can apply our previous arguments, since the relevant estimate for the absolute value of the Fourier transform will not be changed.
The following theorem is a consequence of (2) of Theorem 2, in very much the same way that Theorem 3 was a consequence of Theorem 1. We shall omit the proof, since it is so similar to the proof of Theorem 3. The following theorem is similar to a theorem of Kendall [2] , with the important difference that we are admitting motions other than pure translations. This can be essential, if 8C has points of zero curvature.
